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Abstract. A three-dimensional (Abelian) gauged massive Thirring model is bosonized in the
large fermion mass limit. A further integration of the gauge field results in a nonlocal theory. A
truncated version of that is the Maxwell-Chern—Simons (MCS) theory with a conventional mass
term or MCS—Proca theory. This theory is completely solved in the Hamiltonian and Lagrangian
formalism, with the spectra of the modes determined. Since the vector field constituting the model
is identified (via bosonization) with the fermion current, the charge current algebra, including the
Schwinger term, is also computed in the MCS—Proca model.

1. Introduction

It has been appreciated for quite some time that gauge symmetgy-irl)-dimensions is
subtle, mainly due to the Chern—Simons term [1]. Self-dual theory with the (nontopological)
mass term is gauge invariant, being dual to the Maxwell-Chern—Simons (MCS) gauge theory.
The Chern-Simons term is referred to as the topological mass term. A master Lagrangian has
been constructed [2] which can generate both the above-mentioned models.

Including a nontopological mass term in the MCS model leads to the so-called MCS-
Proca (MCSP) model [3]. A Lagrangian analysis was given in [3] where the spectra of two
massive modes were provided. In this paper, a detailed Hamiltonian constraint analysis [4] is
provided for the first time. It is shown that an involved analysis leads to identical spectra and
equations of motion obtained via the Lagrangian method. This is one of our main results. But
there are additional benefits of Dirac analysis, which we elaborate below.

Let us now put the MCSP model, studied here, in its proper perspective. Our motivation
in the above model is that it has been derived from a three-dimendiggalgauged massive
Thirring model [5] via bosonization of the fermion modes (in the large fermion mass limit) [1,6].
The bosonic theory is a master Lagrangian, comprised ot/tfly gauge fieldA,, and an
auxiliary field B,,, introduced to linearize the Thirring self-interaction term. Integrating over
B, leads to a generalized MCS model, which under certain approximations sheds light on the
self-interaction effects on the inter-‘quark’ potential [7]. On the other hand, integration of
the gauge fieldd,, (in the Lorentz gauge) yields a generalization of the MCSP modB),in
Atruncated version of itis the MCSP model in question. The added bonus of this scheme is that
B, reflects the behaviour of the fermion curreiyt= vy, v sinceJ, = B, /g, g denoting the
Thirring coupling Indeed, we have correctly reproduced¢herent conservatioandcurrent
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algebraincluding the Schwinger term. More complicated fermionic composite objects can
also be studied. That is the other important result of this letter.

The letter is organized as follows: first we briefly give the bosonization results of the
gauged Thirring model. Then we deal with the Lagrangian formulation, in a way similar
to [3]. The particle spectra is obtained. The main body of our work follows, consisting of the
full Hamiltonian analysis and current algebra results. The letter ends with a brief conclusion.

2. Bosonization of the gauged Thirring model
The U (1) gauged Thirring model Lagrangian is

- ) _ _ 62 6‘2
Lr = Piy" @, —ieagy —mpy + Syt = Eojan p e oearat. @

HereA,, = 3,A, — 3,4, and conventionally one takgs= 1/¢2, ¢ = j1/(2¢?). The reason

we have considered them arbitrary will become clear as we proceed. The above model is
linearized via the auxiliary fiel®,, as

2

%GMMA”“A”A. @)

Tiou . . 1 2 - peZ 2
Lp =iy (8//. - IeAM - |B//.)w - Z|BM| —myy — T|Auv| +
One-loop bosonization in the large fermion mass (as well as small momentum, i.e. lower
number of derivatives) limit yields the bosonic Lagrangian ({0 ,/@z)),

1 2 2

Lp= —%CWC‘“ + %emcﬂc”A — 5 BuB" - %AWA“” + %GWA/‘A“A ©)
whereC,, = B, +eA,, « = —1/(87) anda = —1/(6zm). TheU (1) gauge invariance
presentin (1) is clearly visible as regards thefield. TheA, (gauge) ands, (‘matter’) field
equations are

a3, C + SE€C,, + epd, AN + LA, = 0 (4)
a 1

ad, C" + 2 C,,, — ZB* = 0. (5)
123 2 23 g

The above two equations are combined to give
1
_BOK + epaMAMOt + %EQHVAMV — 0 (6)
8

Note that without the gauge field kinetic terms in the parent fermion model, we would have
obtained simplyB,, = 0.

The Lagrangian in (3) is oumaster Lagrangian [5]. Upon selective integration of
the interacting fields in turn, different equivalent (dual) theories are reproduced which are
apparently distinct. In this way, it is possible to connect different well known theories. The
duality between them appears in the form of a particle spectrum, symmetry, Green’s function
etc. The next task is to integrate out the gauge field.

3. Particle spectrum: Lagrangian framework

Modulo total derivative terms4,, integration in the Lorentz gauge gives [5]
aP(‘é"’[’) 82 + %(paZ + q2a)
(23)%92 + (g + )2

(pPatqa®) 42
B, —5—0°+tqa(a + 1
W e 0 a0t g g, 7)
2 (51202 +(q +a)? 2

Lp(By) =B, (g""9% — 9*9*)B,
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The equation of motion foB,, is

aP(‘é"’P) 82 + %(pQZ + an) - (pzanaz) 82 + qu(Ol + q) E;LUABUA 1
pta\2q2 2 (gﬂ 0 — aMaM)Bu + praN2 A2 2 — —B*.
(555)20%2+ (g + ) (555)202+ (g + ) 2 28
(8)

Clearly B,, obeys the current conservatios), B* = 0), as is required of the fermion current.
Defining the dual o3, as

* 1 VA
BM = EEMVKB
we obtain two equations and the Lagrangian in (3) in compact notation as,
A(*BY) —D3’B* =0 A(B*) +D(*B*) =0

9
Lp(B,) = B,AB" + B, D", B,;. ©
The nonlocal operators are

Maz-'. Lpa?+ag2a 1
A= —E 22(” a Jpr_ L (10)

(590t (g +a) 2g

201 a2

po P rqulatq) (11)

(559202 + (g + @)?

Combining the above equations in (9), we get

(A2+ D% B* = 0. (12)
Unfortunately, the complicated nature of the operators prohibits further study of the field
equation. Let us now consider the approximations we mentioned before.

Keeping within the approximations involved in the bosonization scheme itself we drop
O(a?) terms. However, with a nonvanishing(that is, in the presence of the Maxwell term
in (1)), the nonlocal nature of the effective theory persists. In the present case we avoid this
problem by puttingp = 0 and keeping only the Chern—Simons term in (1). It is to be noted
that the Maxwell term induced via bosonization, i.e. tfig, |2 in (3), remains. The operators
now become
~ q%a > 1 . qo

AN(Z(qﬂx)za 28) quﬂx' o

Hence theB,, equation reduces to

g°a 2 1)? qo g 2
—— 9" —— ) +|—— ) 07| B*=0. 14
(awvar™ ) * (3% &
The above equation is ‘factorized’ in the following form [3]:
0%+ M?)(8% + M?)B* = 0. (15)
The two values of the effective mass parameter are
1
2(a + 2 2 1 2 1)\2
YA SN R S i (16)
qa a 2g a? ag

Substituting the local expressions fdrandD, we arrive at the MCSP model by neglecting
O(a?) terms, but in the above analysis we have not droppéef)Oterms. There is no
contradiction here since now we are studying the MCSP model as such, forgetting how it
was originated in the first place. However, if we persist with 0 in (14), we end up with a
single massive mode,

2 2\ pa » _ (g+a)? a

0%+ M*»B* =0 M N16q2a2g2<1+8a2g)'

This concludes the Lagrangian analysis of the MCSP model.
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4. Particle spectrum: Hamiltonian framework

We start with the MCSP Lagrangian, using (13),

L = PB,,B"" + Q¢,,, B"3"B"* + RB, B" (17)
where
. —q%a 0=— qo . 1
Ag ta)? Cq+a 2
The conjugate momenta and the canonical Hamiltonian are defined in the standard way,
oL -
— — TI* —
I, = SR H=0"B, - L. (18)
Explicit expressions for the above are
Ho = 0 Hl‘ = —4P(3,Bo — B,) — Qéiij (19)
1
H = —8—P(Hi + QG,‘ij)z + Bo(ail'[,» — Qe,-jaiBj) — PBijBij — RBMBM (20)

We now perform the constraint analysis by obtaining the constraints and subsequently
computing the Dirac brackets. Our aim is to obtain the equations of motion of the modes
and reproduce the spectra obtained in (16). The primary constraint is

Yi(x) =Tpx) =0 (21)
and time persistence generates the secondary constraint

Wp(x) = Wy (x) = I:‘I’l(x)» / &’y H(y)} = 0;T1;(x) — 2R Bo(x) — Q¢€;;0; B;(x) ~ 0. (22)

These brackets are obtained by using the fundamental Poisson brackets
[T (x), By(»)] = g/ 8(x — y).
The constraints constitute a second-class pair with the nontrivial algebra
[W1, V1] = [V, ¥2] =0 [W1(x), W2(y)] = 2RS(x — y). (23)

The inverse of the constraint matnik;, defined by/ d?y C;; (x, ») Wk (v, 2) = gid(x — 2)
has the nonzero element

1
Cro(x,y) = —ﬁS(X —y).

This generates the nontrivial Dirac brackets

1
[Bo(x), Bi(y)] = S0 =) [Bo(x), IT; (y)] = —%Guaﬁ(x - ). (24)

The rest of the brackets are not altered. From now on we will always use these Dirac brackets.
The By — B; bracket recovers the correct Schwinger term in fhefermion current algebra

1
[Jo(x), JoW)] = [i(x), J;(»)] =0 [Jo(x), Ji(y)] = —§3i3(x - ). (25)
After strong implementation of the constrairisin (20) simplifies to
1
H = —ﬁ(l'[,-+Qe,-ij)2—PBi2j+R(B§+Bi2). (26)

The time derivative 0By reproduces the current conservatjon
Bo(x) = [Bo(x), H] = 9; B; (x). 27)
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The above current algebra and conservation equation are two of our main results. Note that
the Dirac brackets are crucial in recovering them. We now rederive the particle spectrum.
First we compute the following time derivatives:

. 1
B; = E(Hi + Q¢€;jB;) +9;Bg (28)
1-_[,' = —%(eﬂl'[j + QB,) — 4P8jB,»j - Qe;ijBo+2RB,-. (29)

We take time derivatives of the above equations,

B = E(Hi + Q¢ijBj) +9;Bo

i = —%(€ﬂn] + QB,) — 4P8]Bl] — QG,jajBQ"'ZRB,
A long algebra yields the following set of equations:
1 % 0
2
=5 (1= 35) ] 5= g (30)
1 % Q 0?
32— —(R—= )| = —20¢;0; (0 By) + — (2R — = ) ¢;;B;
[ 2P< 4P>] Qi 0; (O Be) 2P< 4p ) %
+2Qe,~k8j8_,-Bk — 2Q8i(€jkajBk)~ (31)

The constraints have been used strongly. The same operator arising in the left-hand side of
both the above equations is used once again and we get

;1 A P % 0%\ o
[a —§<R—E)] Bi = —1553 (ZR—E> Bi. (32)

The identical equation appears fO; as well. This chain of derivatives diagonalizes the
equations of motion. Factorizing (32), we obtain ithentical set of expressions fav. given
in (16). This concludes the Hamiltonian analysis.

Substituting the known expressions we get the explicit forms of the masses,

1
24me*m (=1 w\?|3m 1 1 [(9m® 6mxm)\?
M? = — =) | =+t ==+ — . 33
* u? <8n 2€2> |:16w g 27'[(16 g ) (33)
Assuming that the relative strengths giid andg (the Thirring coupling) is such that for large

m, mg (a dimensionless quantity) is also large, we expand the square root and keep terms up
to O(1/(mg)), and we get

,  AM8re*m (-1 2/3m 1
M; ~ —+ — —+ —
u? 8t 22 4 g
I il e Y
- u2g? \ 8w 2e2) °
Interestingly, M. > M_ sinceM _ isindependentf the fermion mass:, the large parameter.

Since spin of the particles is determined by the sign of the mass [1, 3], the small valtie of
can lead to a spinless particle.

(34)

5. Conclusions

The Hamiltonian and Lagrangian of the MCSP model has been performed, with the full spectra
of modes revealed. The interest in the model lies in the fact that the model has been derived
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from the bosonized version of @ (1) gauged massive Thirring model. Since the bosonic
vector field and the fermion current are identified, the bosonized model, and in turn the MCSP
model, yields properties of its fermion counterpart. As a nontrivial application of the above,
we have computed correctly the fermion current algebra, with the Schwinger term, staying in
the MCSP model framework. The behaviour of other fermionic composite objects, constructed
from fermion currents, can also be studied in the MCSP model, where the quantum effects
enter via the process of bosonization.

| am grateful to Professor S Dutta Gupta, director & 81N Bose National Centre for Basic
Sciences, Calcutta, for allowing me to use the Institution facilities.
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